THE HODGE POINCARE POLYNOMIAL OF THE MODULI SPACES OF STABLE 
VECTOR BUNDLES OVER AN ALGEBRAIC CURVE 
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Abstract. Let X be a nonsingular complex projective variety that is acted on by a reductive group G and such 
that X ss ^ ^(o) 0* We give formulae for the Hodge-Poincare series of the quotient X^/G. We use these 
computations to obtain the corresponding formulae for the Hodge— Poincare polynomial of the moduli space of 
properly stable vector bundles when the rank and the degree are not coprime. We compute explicitly the case in 
which the rank equals 2 and the degree is even. 

1. Introduction and statement of results 

Let M. (n, d) be the moduli space of semistable vector bundles of rank n and degree d. The cohomology of 
A4(n,d) has been of great interest to a large number of mathematicians for the last forty years. If we denote by 
M s , Jn, d) the moduli space of (properly) stable vector bundles, it is not difficult to see that when (n, d) = 1 then 
M(n, d) = M s ^{n, d). 

The first results on the cohomology of Ai(n, d) are due to P. E. Newstead who computed the Betti numbers of 
M(2, 1) = A4f Q j2, 1) from the results obtained in his paper [23]. From these results Harder observed that the Betti 
numbers of M(2, 1) can be also computed by arithmetic methods and the Weil conjectures JT]. The latter method 
was generalized by Harder and Narasimhan to obtain the Betti numbers of M.(n, d) when (n, d) — 1 (see |12j). 

Another way to carry out this computations was introduced by Atiyah and Bott in their seminal paper lj . This 
is based on the definition of a stratification in the infinite dimensional space of all possible holomorphic structures 
on a fixed C°° bundle of rank n and degree d. The stratification turns out to be equivariantly perfect with respect 
to the action of the gauge group that is acting on the space of all possible holomorphic structures. Then, the 
equivariant Morse inequalities deduced from that allow us to obtain an inductive formula for the equivariant Betti 
numbers of the stratum classifying the semistable points. From this, when (n, d) = 1 they obtain a formula for the 
Betti numbers of M(n, d), by representing this moduli as a geometric invariant theory (GIT) quotient of the space 
of all possible holomorphic structures by the action of the group of complex automorphisms or complexified gauge 
group. 

There is still another way of doing this that is described in [T3J. Except for the fact that Atiyah and Bott's 
method for computing the Betti numbers works with infinite dimensional spaces and groups, the method of [13j 
can be regarded as a generalization of that of [T] . 

Note that there are several ways of representing M.(n, d) as a geometric invariant theory quotient, in this case, 
as the quotient of a nonsingular projective algebraic variety by the action of an algebraic reductive group. One 
can look at the cohomology of the GIT quotient X//G of a nonsingular projective algebraic variety X acted on 
by an algebraic reductive group G. Let X ss and Xf Q ~. denote the set of semistable and properly stable points for 
the action of G. When X^ = X ss (note that for A4(n,d) this corresponds to Ai(n,d) = Ai s ^(n,d) or what is 
the same, when (n,d) = 1), in [13j the Poincare polynomial of X//G is computed bearing in mind that there is a 
natural identification between the cohomology of X//G with rational coefficients and the equivariant cohomology 
of X ss with rational coefficients. 

1.1. Actually, it is proved that there is a stratification {Sp : (3 £ B} of X by nonsingular G-invariant locally closed 
subvarieties Sp satisfying the following properties: 
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(i) X ss coincides with the unique open stratum So. 

(ii) The equivariant Morse inequalities are equalities, that is 

P t G (X) = P t G {X ss ) + t 2codhnS ^P t G (S ). 

If Hq{Y) denotes the G-equivariant cohomology ring of Y, then P^{Y) = J^i & dim_ff£,(F) is the equi- 
variant Poincare series of Y. Here crodimSg denotes the complex codimension of Sp in X . In general one 
has to take care of the possibility of the strata being not connected but for our purposes we don't need to 
consider this. 

(iii) If /3 7^ there is a proper nonsingular subvariety Zp of X invariant under the action of a reductive subgroup 
Stab/3 of G such that 

H h( S f3) - ^Stab/3 i Z p S )i 

where Zp s is the semistable stratum of Zp under the action of Stab/3 appropriately linearized. 

Under the hypothesis of X^ = X ss one has that P G (X SS ) — Pt(X//G) where Pt is the usual Poincare poly- 
nomial. Then from the identity in (ii) one may obtain a formula that computes the Betti numbers of X//G when 
X s {0) = X ss (see [13] 8.1). 

The stratification {Sp : (3 £ B} can be defined either using the moment map and symplectic geometry or 
algebraically. The indexing set B is going to be given by a finite set of points in a positive Weyl chamber of the Lie 
algebra of a maximal compact torus T of G. 

Our research is focussed on the cohomology of the moduli space of properly stable vector bundles M. s , Q An, d) when 
(n, d) ^ 1. If we represent (n, d) as a GIT quotient X//G, the condition (n, d) ^ 1 implies that X ss ^ Xf Q -, ^ 
or what is the same, there are semistable points in X that are not properly stable. 

When X ss ^ Xf^ ^ it could happen that X//G may have serious singularities. In [14] F. Kirwan shows a 

way of blowing up the variety X along a sequence of nonsingular subvarieties to obtain a variety X with a linear 
action of G such that X ss = Xf y Then, X //G can be regarded as a "partial" resolution of singularities of X//G 
in the sense that the most serious singularities of X//G have been resolved. This may be used to compute the Betti 
numbers of X//G in terms of those of X//G and the dimensions of the rational intersection homology groups of 
X//G in terms of Betti number of the partial desingularisations X //G. In [TB] these techniques are applied to the 
case of the moduli space of semistable vector bundles of rank n and degree d when (n, d) ^ 1. 

From this resolution of singularities, in [TH] the stratification {5,3 : (3 6 B} is refined to obtain a stratification 
of the set X ss of semistable points, so that the set Xf Q *. of properly stable points is an open stratum. This new 
stratification is not equivariantly perfect hence one may not expect to obtain nice formulae for the Betti numbers 
of the categorical quotient X^/G. 

In this paper we use Deligne's extension of Hodge theory together with the previous refined stratification in 
order to study the Hodge-Poincare series of a nonsingular projective variety that is acted on by a reductive group 
and such that X ss ^ Xf^ ^ 0. This can be carried out because of the good properties of the Hodge-Deligne series 
and its relationship with the Hodge-Poincare series given by Poincare duality. We obtain formulae for these series. 
After that we use these computations to obtain corresponding formulae for the Hodge-Poincare series of the moduli 
space of stable vector bundles when the rank and the degree are not coprime. Finally, we compute explicitly the 
Hodge-Poincare polynomial of the moduli space of (properly) stable vector bundles when the rank is 2 and the 
degree is even. Using Poincare duality one may obtain the Hodge-Deligne polynomial of (2, d) when d is even. 
The latter was first computed in [21] . The Hodge-Poincare polynomial is given in the following Theorem. 

Theorem. The Hodge-Poincare polynomial of A4 S ^(2, d) ford even is given by 

1 



HP(M s {Q) (2,d))(u,v) = — — 

y ' 2(1 — uv){l — u z v z ) 



2(1 + u) 9 (l + v) g (l + u 2 v) 9 (l + uv 2 ) 9 - 



- (uv) 9 - 1 ^ + u) 29 (l + v) 2g (2 - (uv) 9 - 1 + (uv) 9+1 ) - {uv) 29 - 2 {\ - u 2 ) 9 (l - v 2 ) 9 (l - uvf 

The layout of the paper is as follows. In Sections 2 we give an account of the results on Deligne's extension 
of Hodge theory, that we shall need throughout this paper. In Section 3 we introduce the Morse stratification 
{Sf3}/3 e B of X and its refined stratification. In Section 4, from the previous stratifications, we obtain formulae for 
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the Hodge-Poincare series of the geometric quotient Xf *./G. This formulae are adapted in Section 5 to obtain the 
corresponding ones to M. s , Q An, d) when (n,d) ^ 1. Finally, in Section 6 we compute explicitly the Hodge-Poincare 
polynomial of M s ^ (2, d) when d is even. 

2. Hodge Theory 

We use Deligne's extension of Hodge theory which applies to varieties which are not necessarily compact, pro- 
jective or smooth (see [5], [6] and [7])- We start by giving a review of the notions of pure Hodge structure, mixed 
Hodge structure, Hodge-Deligne and Hodge-Poincare polynomials. 

Definition 2.1. A pure Hodge structure of weight m is given by a finite dimensional Q-vector space Hq and a 
finite decreasing filtration F p of H — Hq ® C 

HD...DF P D...D (0), 

called the Hodge filtration, such that H = F p © F m -P +1 for all p. When p + q = m, if we set H p > q = F p nf«, 
the condition H = F p © Fm-p+i f or a rj p implies an equivalent definition for a pure Hodge structure. That is, a 
decomposition 

H= H p > q 

p+q—m 

satisfying that H p,q = H q < p , where H qp is the complex conjugate of H q ' p . 

Definition 2.2. A mixed Hodge structure consists of a finite dimensional Q-vector space Hq, an increasing filtration 
Wi of Hq, called the weight filtration 

...cWiC.CHq, 

and the Hodge filtration F p of H — Hq ® C, where the filtrations F p GrY induced by -F p on 

Grf = {WiHq/Wi-xHq) ® C = WiH/Wi-iH 

give a pure Hodge structure of weight I. Here F p GrY is given by (WiH Pi F p + Wi-\H) /Wi-%H. 

Associated to the Hodge filtration and the weight filtration we can consider the quotients Gr^ = Wi/Wi-i of 
Definition EH and for the Hodge filtration Gr v F Grf = F p Grf ' /F p+1 Grf '. 

Definition 2.3. The Hodge numbers of H are 

h p > q {H) = dim Gr p F Gr^ +q H. 

2.4. A morphism of type (r, r) between mixed Hodge structures, Hq with filtrations W m and F p , and Hq with W( 
and F' q , is given by a linear map 

/- : ' 

satisfying L(W m ) C W / ^ t+2r and L(F P ) C F lp+r . Any such morphism is then strict in the sense that L(F P ) — 
p'p+r p| i m (£), anc | th e same for the weight filtration. 

Definition 2.5. A morphism of type (0, 0) between mixed Hodge structures, is called a morphism of mixed Hodge 
structures. 

Deligne proved that the usual cohomology groups H k (X, Q) and those with compact support, we denote the 
latter by H^(X), of a complex variety X which may be singular and not projective, carry a mixed Hodge structure 
(see [5], [6] and [7]). From these 

Definition 2.6. For any complex algebraic variety X, we define its Hodge-Deligne polynomial (or virtual Hodge 
polynomial) as (see [3]) 

H(X)(u,v) = J2(- 1 ) P+q+kflP,q ( H o(^))u p v q S Z[u,v}. 

p,q,k 

We define its Hodge-Poincare polynomial as 

HP{X)(u,v) = ^2(-l) p+q+k h p ' 9 (H k (X))u p v' 1 . 

p,q,k 

Danilov and Khovanskii ([3]) observed that Tt(X)(u,v) coincides with the classical Hodge polynomial when X 
is smooth and projective. 
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Remark 2.7. When our algebraic variety A is smooth, Poincare duality gives us the following functional identity 
relating Hodge-Deligne and Hodge-Poincare polynomials 

(1) H(X)(u,v) = (uv) dimcX ■ HPiX^u-^v- 1 ) 
where dime X denotes the complex dimension of X . 

Theorem 2.8 (|20J, Theorem 2.2). Let X be a complex variety. Suppose that X is a finite disjoint union X = U^A^, 
where Xi are algebraic subvarieties. Then 

H(X)(u,v) =Y J HXi){u,v). 

i 

Another result from [20] that will be useful for our computations is 

Lemma 2.9 f |20], Lemma 2.3). Suppose that it : X —> Y is an algebraic fiber bundle with fiber F which is locally 
trivial in the Zariski topology, then 

H(X)(u,v) = H(F)(u,v) -H(Y){u,v). 

If X is an algebraic variety acted on by a group G, consider EG — > BG a universal classifying bundle for G, 
where BG = EG/G is the classifying space of G and EG is the total space of G. We form the space X Xq EG 
which is defined to be the quotient space of X x EG by the equivalence relation (x, e ■ g) ~ (g ■ x, e). Then, the 
equivariant cohomology ring of X is the following 

H* G (X)=H*(X xg EG). 

Although EG and BG are not finite-dimensional manifolds, there are natural Hodge structures on their cohomology. 
This is trivial in the case of EG. Deligne proved that there is a pure Hodge structure on H*(BG) and that 
H p,q (H*(BG)) = for p ^ q (see [7J §9). We may regard EG and BG as increasing unions of finite-dimensional 
varieties {EG) m and (BG) m for m > 1 such that G acts freely on {EG) m with (EG) m /G = (BG) m and the 
inclusions of (EG) m and (BG) m in EG and BG respectively induce isomorphisms of cohomology in degree less 
than m which preserve the Hodge structures. In the same way X Xq EG is the union of finite-dimensional varieties 
whose natural mixed Hodge structures induce a natural mixed Hodge structure on H n (X Xq EG). Using that we 
have the following 

Definition 2.10. For any complex algebraic variety X acted on by an algebraic group G, we define its equivariant 
Hodge-Poincare polynomial as 

HP G (X)(u,v) = Y,{-V V+q+k h P 6 q '' k {X)u p v\ 
p,q,k 

here h p ^ n (X) = h M (H n (X x G EG)). 

2.11. Suppose now that G is connected. The relationship between cohomology and equivariant cohomology is 
accounted for by a Leray spectral sequence for the fibration 

(2) Xx G EG^BG 

whose fiber is X. The ^-term of this spectral sequence is given by E\' q = H P (X) (g) H q (BG) which abuts to 
H^ rq (X). This spectral sequence preserves Hodge structures. 

If A is a nonsingular projective variety that is acted on linearly by a connected complex reductive group G, one 
has that the fibration ([2]) is cohomologically trivial over Q (see [13] Theorem 5.8). Then 

(3) Hq(X) = H*(X) <x> H* (BG) . 

This isomorphism is actually an isomorphism of mixed Hodge structures ([7] 8.2.10). 
We have another fibration, that is 

A x G EG -v A/G 

with fiber EG. When G acts freely on A, that is the stabilizer of every point is trivial, then it induces the 
isomorphism 

(4) H*(X xq EG) = H*(X/G). 
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Remark 2.12. Let GL(N) and SL(N) be the general linear group and the special linear group respectively. In 
this paper we only consider these groups with complex coefficients. The Hodge-Poincare series of BGL(N) and 
BSL(N) are given by get 

(5) HP{BGL{N)){u,v)= f[ and HP(BSL(N))(u,v) = fl (1 — 

l<k<N 2<k<N 

3. Stratifications 

Let X be a nonsingular complex projective variety in P™ and G a reductive group that acts linearly on X. 
Assume that X is embedded in P™ by a line bundle L which is the restriction of the hyperplane bundle H on P" 
to X. In order to obtain a good quotient of X by G in the sense of GIT, we need to restrict ourselves to the set of 
semistable points of X by the action of G. We denote the set of semistable points by X ss and the good quotient or 
GIT quotient by X ss /G = X//G together with the quotient map X ss — > X//G. Regarding the set of stable points, 
throughout this paper it will be convenient to use Mumford's original definition of properly stable points, nowadays 
called stable. A point x € X is properly stable if dimO(a;) = dimG and there exists an invariant homogeneous 
polynomial / of degree ^ 1 such that f(x) ^ and the action of G on Xf is closed. We denote by X? q n the set of 
properly stable points of X by G and Xf Q -. the geometric quotient of X by G. We also denote Xf* the set of points 
of X that satisfy the same properties as the properly stable points but dimO(a;) = dimG — i. 

In this section we describe a couple of stratifications. The first one was introduced on Paragraph 11.11 This 
requires the hypothesis of X ss = Xf Q y This stratification turns out to be equivariantly perfect, which implies that 
one may obtain inductive formulae for computing the Betti numbers and Poincare polynomials of X//G when G is 
connected. 

For the latter, we stratify the set X ss in such a way that the set of properly stable points, Xt^. is an open 
stratum. Unfortunately, this stratification is not equivariantly perfect, then one does not expect to obtain nice 
formulae for computing the Betti numbers and Poincare polynomials of XL-./G when G is connected. But this 
stratification may be used to compute the Hodge-Poincare polynomials of the properly stable part as we will do 
later on in this paper. 

3.1. The general construction. When X ss — Xf Q s there exists a stratification {Sp : (3 G £>} of X by nonsingular 
G-invariant locally closed subvarieties Sp satisfying properties (i), (ii) and (iii) of Paragraph fTTTl This stratification 
can be defined cither using symplcctic geometry and the moment map, or algebraically. 

When X is a nonsingular complex projective variety in P™ and G a reductive group that acts linearly on X, 
this stratification is defined as follows (see [13] for details). Assume that G acts on X via a rational representation 
p : G — > GL(n + 1). It is known that G is reductive if and only if it is the complexification of any maximal compact 
subgroup K. One can choose coordinates so that p restricts to an unitary representation of K, pa '■ K — > U(n+1). 
Let T be a maximal compact torus of K, and let t be its Lie algebra. The maximal torus T acts on X via a 
morphism T — > U(n + 1), after conjugating this morphism by an element of U(n + 1), we may assume that T acts 
via 

t i > diag(a (0: •••=««(*)), 

where otj are the characters of T. We choose an inner product on t, invariant under the action of the Weyl group, 
and use this to identify t and its dual, t*. Under this inner product, we identify the characters otj with points in 
t*, these are the weights of T. By abuse of notation, we denote the weights by ctj. Let W :— {ao, . . . a n } the set of 
weights for the action of T. Then, the indexing set B is defined as follows. An element (3 e t* belongs to B if and 
only if (3 is the closest point to of the convex hull, ConvS 1 , of some nonempty subset S of W. Then, if (3 € B, (3 
is the closest point to of the convex hull 

Conv{c*i e W such that ai.(3 = ||/3|| 2 }, 

where . is the inner product and || • || its associated norm. If we choose a positive Weyl chamber of t*, let t!j_, the 
indexing set B can be then identified with a finite set of points in tl. 
Regarding the varieties Zp of Paragraph ll.il (iii), we define 

(6) Zp := {(a; : . . . : x n ) e X such that n = if a t .(3 ^|| (3 || 2 } 
and 



(7) 



Y f3 := {{x : • . . : x n ) EX : x t = if a t ■ 13 <|| (3 || 2 and 3 x t ^ with a, ■ /3 =|| /3 || 2 }. 
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The variety Zp is a proper closed subvariety of X and Yp is a locally closed subvariety. There is a retraction 
Pp '■ Yp — > Z/3 defined by 

(8) p/3(a;o : ... : x n ) = (a;' : ... : x' n ) 

such that x\ = Xi if aj./3 = ||/3|| 2 and = otherwise. Moreover, the subvarieties Zp and Yp are nonsingular and 
pp is a locally trivial fibration whose fibre at any point is isomorphic to C™ 1 * 3 for some mp ^ (see [T3] §13). 

Let Stab/3 be the stabiliser of j3 under the adjoint action of G. Let Z| s be the set of semistable points of Zp 
with respect to the action of Stab/9 properly linearised. As we will see in this paper, this linearisation correspond 
to a modification of the moment map used to define the strata (for details see [IS])- Let Y^ s :— pp~ {Zp"). Then, 
the restriction of pp to YS s 

pp : Y? - Zf 

is a locally trivial fibration whose fibre is C m ' 3 for some mp 0. Let B be the Borel subgroup of G associated to 
the choice of positive Weyl chamber t+ and let Pp be the parabolic subgroup £?Stab/3, then in [13] it is proved that 
Yp and Yp" are P/3-invariant and that 

(9) Sp*iGx Pp Y$\ 

An element g 6 G belongs to Pp if and only if lim exp(—itf3)gexp(it(3) is an element of G. This limit defines a 

surjection qp : Pp — > Stab/3 which is actually a retraction. From © and the fact that pp and qp are retractions, 
one deduces that 

Hq(Sp) = Hstabp( Z p S ) 

which is property (iii) of Paragraph 11.11 Moreover, the stratification {Sp}p e g satisfies that Sq — X ss and is 
equivariantly perfect (see properties (i) and (ii) of Paragraph II. ip . One has that X = {Jp e gSp, and there is a 
partial order on B such that 

(10) S> C Sp U |J Sy, 

7>/3 

where 7 > /3 if ||7|| > ||/3||. 

3.2. A stratification for the set of semistable points. When X ss ^ X^ ^ the GIT quotient X//G may have 
serious singularities. For the moduli space of semistable vector bundles, A4(n,d), the problem of finding natural 
desingularisations has been studied by Seshadri [55] , Narasimhan and Ramanan (55] , and Kirwan [T^] . The latter is 
an application of the method described in [14] that works for a smooth complex projective variety X acted on by a 
reductive group G and such that X ss ^ Xf^. ^ 0. In this paper we use Kirwan's method which allows us to define 
a stratification of X ss such that XL^ is an open stratum. This method consists of blowing up X along a sequence 

of smooth G-invariant subvarieties to obtain a G-invariant morphism ir : X ss — > X ss , where X ss is a projective 
variety acted on linearly by G properly lifted, and such that X ss — Xf Q -, with respect to the induced action. The 

induced birational morphism X//G — > X//G can be regarded as a "partial desingularisation" of the GIT quotient 
X//G in the sense that the more serious singularities of X//G have been resolved. The only singularities of X//G 
are finite quotient singularities (for more details see [14]'). 

3.1. This desingularisation process is based on the fact that there exist semistable points that are not properly 
stable if and only if there exists a non-trivial connected reductive subgroup of G fixing a semistable point. Let 
ri > be the maximal dimension of a reductive subgroup of G fixing a point of X ss and let TZ(r±) be a set of 
representatives of conjugacy classes of all connected reductive subgroups R\ of dimension r\ in G such that 

Zri := i x e ^ ss sucn tnat -^i nxes x } 

is non-empty We consider 

where GZ^ :— {gx such that g E G and x € Z" }. These sets are non-singular closed subvarieties of X ss . In the 
first step we blow up X ss along the subvariety U fllGK ( ri )GZf£ . In 14J 8.3 it is proved that the blow up of X ss 
along the subvariety U^^-ji^^GZ^ is the same as the result of blowing up X ss along each GZ^ for R\ G 7£(ri) 
one at a time. Let Xm^ be the blown up variety along Ufl ie K( ri )GZJjf and E\ be the exceptional divisor. The 
action of G on X ss lifts to an action on X/r^ with respect to n\L® k (g) 0(—E\) where 7Ti : Xm ± ) — > X ss and k is 
any integer. When k is large enough the set Xf^ with respect to the lifted action is independent of k. 
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3.2. In [14] 7.17, the set Xf R y. is characterized by the following properties: 

(a) The complement of Xf R ^ in X( Rl y, i.e. X( Rl )\Xf R \, is the proper transform of the subset (/> _1 (0(GZj^ 1 )) 
of X ss where <fi '■ X ss — ► X//G is the quotient map; 

(b) No point of Xf R ^ is fixed by a reductive subgroup of G of dimension at least r\, and a point in Ef s = 
Xf R \ (~l Si is fixed by a reductive subgroup of dimension less than r\ in G if and only if it belongs to the 
proper transform of the subvariety Z Ri of X^ Ri y 

If we repeat this process for X^ R ^ and so on, after at most r\ — 1 steps we obtain a G-invariant morphism 

7r : AT SS — ► X ss , where X ss is a projective variety acted on linearly by G properly lifted, and such that X ss = Xf Q y 
This is equivalent to constructing a sequence of varieties 

yss V ss V" ss x^ss ~yss 

A (ilo)- A ' A (fli)' ■ ■ • ' A (fl T ) - A 

where . . ., R T are connected reductive subgroups of G with 

r*i = dimi?i dimi?2 ^ ••• ^ dimi? T 1, 

and if 1 ^ / ^ r then -X^) is the blow up of -XTfj \ along its closed nonsingular subvarieties GZ R[ . It is satisfied 

that GZJ^ = G where iVj is the normaliser of i?; in G. Similarly, X//G — X ss /G can be obtained from 

X//G by blowing up along the proper transforms of the images Z R //(N/R) in X//G of the subvarieties GZ R of 
X ss in decreasing order of dimi?. Note that 

(11) GZ R S /G a Z R //(N/R). 

As in Subsection 13.11 for each 1 ^ / ^ r we have a G-equivariant stratification 

{S 0>1 : (ftOeBj x {I}} 

of Xr ; by nonsingular G-invariant locally closed subvarieties such that one of the strata, indexed by (0, 1) 6 Bi X {/}, 
coincides with the open subset -Xfj^ of X( Rl y There is a partial ordering in Bi given by 7 > (3 if || 7 ||>|| (3 \\. 
Then, is its minimal element, and if (3 G B\ then the closure in Xi of the stratum Spj satisfies 

If (3 £ Bi and /3 7^ then the stratum 5^ ; retracts G-equivariantly onto its transverse intersection with the 
exceptional divisor Ei for the blow-up X( Rl ^ — > -X/r, ± )- This exceptional divisor is isomorphic to the projective 

bundle P(A/j) over GZfjf , where Zj^ is the proper transform of Z R[ in , and Mi is the normal bundle to GZ Ri 

™ x ik-,y ' ' 

3.3. Now, let 

ttz : E t - G% 

be the projection obtained from the restriction of 717 : — > , to E\. It is satisfied that this restriction is a 

locally trivial fibration whose fibre is isomorphic to P(A/i). It is proved in [14] that the stratification {Spj : (3 £ B{\ 
is determined by the action of Ri on the fibres of Ni over GZ R[ . More precisely, in Lemma 7.9 of [13] it is showed 
that when x € Zjj the intersection of 5^/ with the fibre 7T; (2;) = P(J\f^ x ) of tti at x is the union of those strata 
indexed by points in the adjoint orbit Ad(G)/3 in the stratification of F(Afi. x ) induced by the representation pi of 
Ri on the normal Ni iX to GZ R[ at x. Let B(pi) be the indexing set corresponding to pi, if each Ad(G)-orbit meets 
B(pi) in at most one point then one may assume that 

Bi = B(pi). 

Moreover, each stratum Spj retracts onto its intersection with the exceptional divisor £7, and if Bi = B(pi) then 
this intersection retracts onto 

G Xjv,ristab|3 Zp'i n n~i (Z Rl ), 

where 

(12) ttj :Z^n^ l {Z R \)^Z R \, 

is a fibration with fibre Z^^pi) (see [14] 7.16). The variety Zf*(p;) is defined as Z§ s but with respect to the 
induced action by pi of Ri on P(A//). If (3 is a maximal element of B(pi) with respect to the partial order, then 
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Zffiipi) — Z/3.i(pi) which is a nonsingular projective variety. Moreover, by [14] 7.11 and [13] 6.18, the codimension 
of S/3,i in X( Rl) is given by 

(13) d(/3, 1) := codim«S w = n(fi, I) - dim R t /BStab/3, 
where n(/3, 1) is the number of weights a of the representation pi such that a. (3 <|| (3 || 2 . 

Then, there is a stratification {E 7 } 7 of X ss (see [18]) indexed by 

(14) T = {Ri} U {i?i} x {Si\{0}} U . . . U {R T } U {i? T } x {S r \{0}} U {0} 

defined as follows. We take as the highest stratum the nonsingular closed subvariety GZ Ri whose complement 
in X ss can be naturally identified with X^ Rl ^\Ei. We have GZ Ri =Gxjj, ZJ^ where iVi is the normaliser of R\ 
in G, and ZJ^ is equal to the set of semi-stable points for the action of Ni , or equivalently for the induced action 
of Ni/Rx, on Zr i; which is a union of connected components of the fixed point set of i?i in X. Moreover since R\ 
has maximal dimension among those reductive groups of G with fixed points in X BS , we have Z Ri = Z Ri where 
Z s Ri denotes, for each I, the set of properly stable points for the action of iVj/i2j on Z Rl for 1 ^ I < r. 

Remark 3.4. Note that a; £ Z^ is properly stable for the action of N\/R\ if and only if a; € (Z^)? % for the 
action of iVi on Z^ where ri = dim i?i . Moreover since GZ Ri = G X jvi Zj£ and is closed in X ss , we also have 
that x 6 Z/fj is properly stable for the action of N\/Ri if and only if x € (GZ^^f > for the action of G on GZ Rl . 

We take as our next strata the nonsingular locally closed subvarieties 

E/3 : i = Sp : i\Ei, 

for /3 € Bi with /3 ^ 0, of X (Rl) \Ex = X sa \GZ R \, whose complement in X( R j\Ei is just Xf Ri) \E! = X s (Ri] \Ef s 
where £f = X^s n and then we take the intersection of Xf R , \ Ef s C X ss \ GZ S R \ with GZ|f C X ss . 

Remark 3.5. In [17] and [18] it is claimed that this intersection is GZ R where Z R2 is the set of properly stable 
points for the action of N2/R2 on Z^ 2 . This is not necessarily true; in [19 it is explained that instead one needs 
to ZJj 2 to be the intersection of Zr 2 with (GZr^)?^ defined for the action of G on GZr 2 where r-i = dimi?2. This 
is an open subset of the set of properly stable points for the action of N2 /R2 on Z# 2 , which is the intersection of 
Zr 2 with (GZ R2 ) s r s defined for the action of N2 (not G) on GZ R , 2 . 

The next strata are the nonsingular locally closed subvarieties 

S / J,2=5/9,2\(^UBi), 

for (3 € B 2 with /3 ^ 0, of X {R2) \(E 2 UE 1 ), whose complement in X {Rl) \(E 2 U £?i) is X S R A(E 2 U £?i). The stratum 
after these is GZf^, where Z Rs is the intersection of Z# 3 with (GZft 3 )tx defined for the action of G on GZr 3 
where r 3 = dimi? 3 . 

Then, in general we have two different types of strata. For each 1 ^ I ^ r, either 

E_r, = GZfj ( , 

where Z Ri is the intersection of Z Rl with (GZ Rl )^ r ^ defined for the action of G on GZ Rl where 77 = dimi?;. Or 

for (3 £ Bi with /? ^ 0, of X {Rl) \(Ei U U . . . U £i), whose complement in X {Rl) \(E t U %-x U.-.U^) is 
Xf R s\(Ei U U . . . U We take Eo = Xf Q s as our final stratum, which is the unique one indexed by 0. This 
is actually the unique open stratum for the stratification. 

We have a partial order induced at T, this is given by the partial orders of Bi for all i together with the ordering 
in the expression (|14|) . For this partial ordering, the maximal element is R\ and the minimal clement is 0, and the 
closure of each stratum E 7 indexed by 7 G T in X ss , satisfies 
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3.2.1. Explicit description. In this subsection we give an explicit description of the strata we have already defined. 
As we have seen, there are two different types of strata. For each 1 ^ I ^ r, either 

T, Rl = GZ s Rt , 

in this case GZ R[ = G x Nl Z R[ . Or 

E w =S w pUEwU...U£i) ) 
for (3 G Bi with (3^0. For the latter, we have seen in Subsection 13.11 that 

Sp tl = GY^^Gx Pp Y^ 

where Y^\ fibres over Z^ s l with fibre C" 10 ' 1 for some rnp t i > 0, and Pp is the parabolic subgroup BStab(/3) of G. 
By Lemmas 7.6 and 7.11 of [2] 



where Yffi n E L fibres over Zf^ with fibre C" 1 ' 3 -'' 1 . Thus 



nEi = G(Yp*i r\E t ) = G x Pfi (Yfi n E t ) 
Thus 

S fJ ,\Ei = G x Pfj (Ypj\E{) 



where Y^\Ei fibres over Z'fo with fibre C™" '" 1 x (C\{0». 

In [TH] it is proved that we can replace the indexing set £>/\{0}, whose elements correspond to the G-adjoint 
orbits Ad(G)p of elements of the indexing set for the stratification of P(Afi, x ) induced by the representation pi (see 
Paragraph 13. 3| . by the set of iV;-adjoint orbits Ad(Ni)(3. If qp : Pp — > Stab(/3) is the projection, then 

(15) £ w = GY}^ = Gx Pp y£ 
where 

(16) Y}^ = Yfi\(Ei U Ei-x U . . . U %) -» Stab/3 x^nStab/3 n Trj" 1 ^)) 
is a fibration with fibre C m f 1-1 X (C \ {0}, and 

(17) z^rM,-\z Ri )^z Ri 

is a fibration with fibre Zp s (pi). We set 

Ypf = y^i\(Ei U Ei-i u . . . u Bijnp^z- n tt,- 1 ^)). 

It is proved in 18] that Y^ ^ Pp x Ql) Y^ t , where Qpj = qp X {N t n Stab/3). Then 

(18) S 7 = - G x Qpil Y^f 
where 

(19) pp:Y)^Zf^^\Z Ri ) 
is a fibration with fibre C m ' 3 ' 1-1 x (C\{0}) for a certain m/j,; > 0. 

4. COHOMOLOGICAL FORMULAE 

In this section we study the equivariant Hodge-Poincare series of the set of properly stable points of a complex 
projective variety X equipped with a linear action of a complex reductive group G and such that is nonempty 
and there are properly stable points in X ss that are not semistable. When G is connected these formulae allow us 
to compute the Hodge-Poincare series of the geometric quotient Xfo/G. 

To do that, we consider the stratification {X 7 } 7 of X ss indexed by 

T = {Rx} U{Rx}x {Bx\{0}} U . . . U {R T } U {R T } x {B T \{0}} U {0} 

where Eo = Xf Q s is an open stratum, that we introduced in Subsection 13.21 Since Xf Q s is an open set of X ss , both 
have the same dimension. We have the following identity for the equivariant Hodge-Poincare series of 

Proposition 4.1. With the previous notation, we have that 

(20) HP G (Xl 0) )(u, v) = HP G (X ss )(u, v) - Y / (^) Xh) HP G (^)(n, v), 
where X(-j) is the complex codimension of £ 7 in X ss . 
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Proof. For each 7 G V regard EG as an increasing union of smooth finite-dimensional varieties (EG) m where G 
acts freely on {EG) m . Let 

S 7 x G EG — U m ^o(S 7 x G EG) m 

where (Y 1 ~ 1 x G EG) m = S 7 x G (EG) m , and such that the immersion (Yj^xqEG) m c > Xj 7 xqEG induces isomorphisms 
in cohomology in degrees less than or equal to m. From this decomposition one obtains the following decomposition 

X ss x G EG = U 7e rS 7 xg EG — U 7£ r U m ^o (S 7 xg EG) m = 

= U m j»o U 7e r (S 7 x G EG) m = \J m ^Q(X ss x G EG) m . 

Then, for each m we have that (X ss x G EG) m — U 7e r(S 7 Xq EG) m where, because of our choices, (X ss x G EG) m 
and (S 7 xq EG) m are smooth finite-dimensional varieties for every m and 7. Using identity (fTJ) we obtain 

HP((X SS x G EG) m )(u,v) = (uv) dim ^ XSSxGEG ^H((X ss x G EG) m )( U -\ i;" 1 ). 

Applying first Theorem 12.81 and then (fT]) we get 

HP((X SS X G EG) m ){u,v) = ^( w )dimc(X"x G EG) m -dimc(S 7 x G BG) roJf p^ E ^ x G EG) m ){u,v). 

Note that dimc(X ss x G EG) m — dimc(£ 7 Xg EG) m equals dime X ss + dimc(EG) m — dime G — dime £ 7 — 
dimc(-EG) m + dime G, which is independent of to and is actually the codimension of S 7 in X ss . We name it 
A(7). 

Since the immersion (X ss x G EG) m in X ss x G EG induces isomorphisms in cohomology in degrees less than or 
equal to to, and the same is true for S 7 , from the previous identity we have the following 

m 

^{-^) v+q+ ' ] h p G q '- 3 (X ss )vPv q + ^(-l) p+,+: i h p ' q (W <((X SS x G EG) m ))v?v q = 

j=^P,1,j j>mp,q,j 

m 

-yer j=i p,q,j 

+ Y.(~ i y +q+3hP,q ( W ^ x G £G) m )) fl P+ A W# A W. 

■yer j>mp,q,j 

Now, since this identity is independent of to and and X BS have the same dimension, we conclude. □ 
We shall need the following Lemma for future computations. 

Lemma 4.2. Let Y Z be a locally trivial fibration in the Zariski topology with fibre F, and such that it is 
compatible with respect to the action of the group G that acts on Y and Z respectively. Then 

HP G (Y){u,v) = HP G {Z)(u,v) ■ HP{F){u,v). 

Proof. Regarding Y x G EG and Z x G EG as increasing unions of smooth finite-dimensional varieties, for each to we 
have that the fibration Y — > Z induces a new fibration Y x G (EG) m — > Z x G (EG) m with fibre F. Now, applying 
(fT]) and Lemma 12 . 91 and bearing in mind that the dimension of Y is equal to the sum of the dimension of Z and 
the dimension of F, we obtain 

HP(Y x G (EG) m )(u,v) = HP(Z x G (EG) m )(u,v) ■ HP(F)(u,v). 

Since this identity is independent of m, we finish the proof of the Lemma. □ 

Following Subsection 13.21 we have that the strata £ 7 for 7 ^ fall into two classes. Either 7 = Ri for some 
I G {1, . • • , t}, in which case 

T, Rl = GZ s Ri 

or else 7 = (Ri,/3) where (3 G Bi\ {0} for some I G {1, . . . , r} and the stratum E 7 is 

E 7 = £ w = Si3,i\{Ei U U . . . U E x ). 

In the first case, £_r, = GZ Ri = G x^ t Z Rl where iVj is the normaliser of Ri. Then = (Z R ) which is 

an isomorphism of mixed Hodge structures, hence induces the following identity 

(21) HP G (E Rl )(u,v) = HP Nl (Z s Ri )(u,v). 



THE HODGE-POINCARE POLYNOMIAL OF THE MODULI SPACES OF STABLE VECTOR BUNDLES 11 

In the latter, we recall £ w = GY^fj = G x P/3 Y^ E t (see CE]), $fi$ and fTT|) ) that 

(22) = Yfi\(Eh U Et_! U . . . U %) -» Stab/3 x WinStab ^ (Z£, n ^'(^J) 
is a hbration with fibre C m ^- l— 1 X (C \ {0}) for some mpj > 0, and 

(23) Z^mrf\Z Ri )^Z Ri 

is a fibration with fibre Zjif (pi ) . From (|22|) we get the following fibration 

G Xstab/3 Y^ -» G XAr in stab/3 (#J*j H 7Tf ^^flj) 

whose fibre is C m,3 > ,_1 X (C \ {0}). Using next Lemma T4. 21 we obtain 

(24) ifP stab/3 (F^)( U ,v) = HP(C m ^- 1 xC\{0})(«,«) • HP NinStab0 (Z s p s tl mri\Z s Ri ))(u,v). 
Now, identity (fT]) tells us that 

HP {pn ,i-i x c\{0})(u,«) = (H mpj H(C"* rl xC\{0})(«- 1 , 1 r 1 ) = 
= (uv)™?- 1 • H^'' +1 ((™) _1 - 1)) = 1 - w, 

then is 

(25) ffi%tab/j(l^f,)( u .») = (l-H-^nStab/s^nTr,- 1 ^))^,!;). 

We also have that : P^ — > Stab/3 is a retraction, which implies the following isomorphism of equivariant 
cohomology 

^Stab/8 O73-2) — Hpp(Yi3-i)- 

Moreover, from S^j = GY^ E t = G x P(i Yg^ we get that Hp (Yg^) = H G (Hp t i). These are isomorphisms of mixed 
Hodge structures, hence identity (|25|) gives us 

(26) HPg^^^v) = (1 - uv) ■ HP NinStah0 (Z^n^\Z Ri ))(u,v). 
Then, we have the following 

Proposition 4.3. When X is a nonsingular projective variety acted on linearly by a reductive group G, the equi- 
variant Hodge-Poincare series of are given by 

T 

(27) HP G (X s {0) )(u,v) = HP G (X ss )(u,v)-^2(uv) x ^HP Nl (Z Ri )(u,v)- 

i=i 

T 

-£ E {nv) x W\l-uv)-HP NinStah0 (Z^^n-\Z R J){u,v). 

1=1 /3fEB,\{0} 

Moreover, the codimension of the strata are given by the following formulae: 

(28) X(Ri) = codimS Hl = z([3) 
where z(fi) + 1 = dim Zpj(pi). And 

(29) X([3, 1) = codimX^ n = dimQ/?,; — dim Ni — mpj. 

Proof. Identity (f27f follows from Proposition 14.11 and identities (f2Tj) and (|26| . Regarding the codimension of the 
strata, for T, R[ = GZ Ri one has that 

dim GZ R[ = dim G - dim N t + dim Z Rl 

where Ni is the normaliser of Ri. Now, Z R C Z R is an open subset, therefore they have the same dimension. 

Moreover, one has a locally trivial fibration Ei — > GZ Ri whose fibre is a projective space of dimension z(f3), then 
we obtain the first formula. 

For the later, from (TT8"|) and (Til))) we get that 

dim Erg « = dim G — dim ; + rrip i + dim ZJ^ + z([3). 

Since z(/3) = dimX ss — dimG + dim AT; — 6hsxZ R , then codimE^ ^ = dimQ^j — dim Ni — mpj. □ 
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Remark 4.4. When G is connected and acts freely on X, from paragraph 12.111 we know that Hq(X^) = 
H*{X* Q j/G) then identity (|2T|) gives us the Hodge-Poincare series of the quotient Xf Q ,/G. Regarding the codimen- 

sion of the strata, for those strata that can be described as Spj \ (Ei U Ei—i U . . . U E\), then its codimension 

equals that of Spj. The latter is given in (fT3|) . 

4.5. Our goal is to obtain an explicit formula for the equivariant Hodge-Poincare series of X^ from identity (|2T|) . 
We have fixed a maximal torus T, and let W be the set of weights for the action of T on G. We have already seen 
that if [3 S B, then (3 is the closest point to of 

Gonv{a e W : a.(3 = ||/3|| 2 } = Conv{a e W : (a- (3).f3 = 0}. 

We have that T is a maximal torus of Stab/3. We can define a (3-sequence of length q (see |13j §5 for details) as a 
sequence (3 = (f3%, . . . , (3 q ) of q nonzero elements of t satisfying that for each 1 < j < q 

(a) (3j is the closest point to of the convex hull 

Conv{a - j3i - . . . - fy-i such that a £ W and a. (3k = \\Pk\\ 2 for 1 < k < j}; 

(b) (3j lies in the unique Weyl chamber containing t + of the subgroup ni<i<j Stab/%. 

Moreover, a sequence (3 — (f3i, . . . , f3 q ) of q nonzero elements of t with q > 1 is a /3-sequence if and only if 
(3i G #\{0} and the sequence (3 1 = (02, ■ ■ • ,(3 q ) is a /3-sequence for the action of Stab/3i on Zp x . Now, for each 
/3-sequence (3 — {(3\, . . . , (3 q ), let Tp be the subtorus of T generated by the set of weights {/3i, . . . , (3 q }, and let Zp 
be the union of the connected components of the fixed points set of TJg on X. 

4.6. Throughout this paper we have assumed that X is a nonsingular projective variety that is acted on by a 
reductive group G, and such that X ss ^ Xf Q *. ^ 0. In the blow up procedure we obtain varieties X^.^ for 
i = 1, . . . , t and one may consider Morse stratifications {iS^^l^g^^o} on each Xi^a satisfying the properties of 
Paragraph ll.il The groups Ri are connected reductive subgroups of G that fix semistable points of X. Let Bi be 
the set of /3-sequences defined for the stratification {^^j^gg.^o}- 

In Paragraph 13.31 we saw that the stratification {<5/3,i}/3eBi\{o} is determined by the action of Ri on the fibres 
of Mi over GZ1£.. Let pi be the representation of Ri on the normal Mi. x to GZff. at x. Let B(pi) be the set of 
/3-sequences for the representation pi. 

For every /3-sequence (3 — (/3i, . . . , (3 q ) 6 B{pi) we define the varieties ZV(pi) and Zp(pi) as in the previous 
section but with respect to pi. Let z((3,i) be its dimension, i.e., z{(3,i) + 1 is the number, counting multiplicities, 
of weights a such that a.(3j = \\(3j\\ 2 for j = 1, . . . ,q. 

Let d((3,i) be the sum over j = 1, ... ,q of the codimension in Zp j _ lt i of the corresponding stratum in Zp j l ^ 
to (3j. If for every index j = 1, . . . , q we denote by ej the number, counting multiplicities, of weights a such that 
a. (3k = ||/3fc|| 2 for k = 1, . . . ,j — 1 and a./3j < ||/3j|| 2 , then d((3,i) is given by 

9 1 

(30) i) = 4 ~ 2 dim Stab (A> ■ ■ - /9j-i)/Stab(/3i, . . . , /?,), 

3=1 

where Stab/3 = Stab/3i ("1 . . . fl Stab/3 g . Let g(/3) be the length of the /3-sequence (3. Now, let 

<? 

(31) w(f3_,Ri,G) = J]w(/3 J ,i? l nStab(/3i,...,/3 J _i),Stab(/3i,...,/3 J )) 

3=1 

where u>(/3, i?^, G') is the number of adjoint it^-orbits contained in the orbit of Ad(G")/3. 
Theorem 4.7. The G '-equivariant Hodge-Poincare series of X^ are given by 

T 

HP G (Xfo )(u,v)=HP G (X ss )(u,v)-Y, M } HP "i ( Z k)( u ' v )+ 

1=1 

T 

+ E E {-l) q{P - ] {uv) d ^ l \l - {uvY^ +1 )w-\p,R u G) ■ HP NinStah& (Z s Rl )(u,v). 
i=i o#/3eS(«) 

Moreover, when G acts freely on Xf Q ^ one obtains that HP(X^/G){u,v) = HPc(X^)(u,v), then this formula 
gives the Hodge-Poincare series of the geometric quotient X'^/G. 
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Proof. From Proposition ^. 31 we have that when X is a nonsingular projective variety acted on linearly by a reductive 
group G, the equivariant Hodge-Poincare series of Xf *. are given by 

T 

(32) HP G (X* {0) )(u,v) = HP G {X ss ){u,v)-Y J {^) X{Rl) HP Nl {Z s Rl ){u,v)- 

i=i 

-E E M^^i-H-^nstabM^nvrr 1 ^.,))^^), 

1=1 /3GB,\{0} 

the codimension of the strata are given by X(Ri) = codiniE^, = z(J3), where z(0) + 1 = dim Zpj(pi). And 
X(/3, 1) = codimS/g «. For every I = 1, ...,r, using induction over the length of the /3-sequences in Bi_ we obtain 
the following formula 

(33) HPN^st^iZ^n^iZ^i^v) = HP^nst^^inTrf 1 ^))^^)- 

-Ef- 1 )'" 1 ^)^* •^ i nstab£'(%',;n7r i - 1 (^ ! ))(n, l ;), 

a 

where /?' are /3-sequences of length g — 1 in 6;. And d(/3', Z) is given by {30}. Note that for /3-sequences of length 1, 
that is, an element (3, one has that d((3, I) = A(/3, 1). Now, combining (f3"2"| and (j3"3")l we obtain the following formula 

T 

(34) HP G (Xfa)(u,v) = HP G (X ss )(u,v) -Y,(™) xm HP Nl (Z s Ri )(u,v)+ 

i=i 

T 

+ E E (-l) 9 ^(««)^ ,, Hl-««)-^,nst^£(% I n7rr 1 (^))(«,«)- 
;=i o#£eBi 

By [14] 7.6 and 7.9, each /3-sequence /? for the Morse stratification in each X( R ^ corresponds to w(/3,Ri,G) 
/3-sequences for the stratification associated to the representation p\. Moreover, the fibration ifTTj) restricted to 
Zp,l H Trf (Z R ) — * Zj^ is a fibration with fibre Zp(pi) which is a projective space of dimension z{(3). Then, the 
associated equivariant spectral sequence degenerates by Deligne's criterion. Hence, from (|34p we get 

T 

i=i 

+ E E (-l) g( ff(H^(l - uv)w- 1 (/3,Ri, G) ■ 1 ~ (TO)Z( " +1 gP J v, nStab ^(^ i )( M ^). 
* — ' *■ — ' — 1 — uv — 

1=1 o#/3ee(pi) 



By Remark 14.41 we conclude the proof of the Theorem. □ 

For a given / £ {1, . . . , r}, in order to compute HPm 1 (Z r ) we shall need the following slightly different version 
of Lemma 1.21 of 16J. To make the notation simpler to the eye, we set Ni = N and Ri = R. 

Lemma 4.8. H^(Z R ) is the invariant part of H^ f _ ) (Z R } under the action of the finite group ttqN = N/No, and 

H* No (Z s r ) = H*(BR)^H* Nq/r (Z r ). 

For a given I £ {1, . . . , r}, when the index f3 is maximal with respect to the partial order of Bi \ {0} one may 
compute the equivariant Hodge-Poincare polynomial of E^; from that of the varieties Z Ri . 

Lemma 4.9. For a given I G {1, . . . , r}, when the index (3 is maximal with respect to the partial order given in 
Bi \ {0} the equivariant Hodge-Poincare polynomial of T,pj is given by 

HP G (E y )(u,v) = HP NinStahp (Z Ri )(u,v) • (1 - («• v) z ^ +1 ), 

where z{(3) + 1 = dim Zp i {pi}- Moreover, for I = 1 one has that 

#P G (£ 7 )(u, v) = HP G (S ,i)(u, v) ■ (1 - uv). 
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Proof. For the first statement, from the description immediately after Lemma \A. 2 1 one has that (see ([2610 

HP G (Xp tl )(u,v) = (1 - uv) ■ HPif t asuAfi(Z a p ' tl riTrf 1 ^ ))(«,«) 

where 

(35) ^n^(^)^^ 

is a fibration with fibre Z^ s (pi). When /3 is a maximal element of Bi \ {0} for the given partial order, we get that 
Z% s i(Pl) — Z/3,l(pi) and this is actually a nonsingular projective variety. Then the spectral sequence associated 
to the fibration ((35)) degenerates by Deligne's criterion and wc obtain the following isomorphism of equivariant 
cohomology 

(36) ^nstab^!/ n ^HZ s Rl )) = H* NinSt ^(Z* Rl ) ® H*(F*W), 

'uctures 

l-(u-v) z ^ +1 



where z(f3) + 1 = dim Zgj(fl{). Now, l|36p is an isomorphism of mixed Hodge structures, so it induces the following 
identity of equivariant Hodge-Poincare polynomials 



(37) ffPjv l nstab/j(^i n7r r 1 (^fl,))(«.») = ffiV,nstab/j(£fl I )(u,w) 

which completes the proof of the first statement. 

Regarding the second part of the Lemma, we have already seen that the stratification {Sp^/scis^o} satisfies 
that each Spj retracts onto its intersection with the exceptional divisor and if B(Ri) = B(pi), then it retracts onto 

(38) G XAr in stab/3 Zpj n 7Tj 1 (Z 8 R s i ) 
where 

(39) ^-.z^^\z R \)^z R \ 

is a fibration with fibre Z^^pi). Since [3 is maximal, then Zi^pi) = Zp t i(pi) and this is a nonsingular projective 
variety. For I = 1 we have that R\ has maximum dimension among the reductive subgroups of G fixing a semistable 
point, then Z R = Z R and in this particular case Z R = Z R . Hence, from identities (|3"8"|) and (|3"9"|) we get the 
following identity 

ffSOS^i) = ff^nW^i n nf\Z Ri )) - H* NinStahf3 (Z s Rl ) ® H*(pW) 

which implies 

1 - (u ■ vY ( P )+1 

HP G (Sp tl )(u,v) = HP N (Z R )(u,v) >- , 

1 — U ■ V 

comparing the latter with (|26|) and ([37]) . we finish the proof of the Lemma. □ 

5. COHOMOLOGICAL FORMULAE FOR THE MODULI SPACE OF STABLE VECTOR BUNDLES WHEN THE RANK AND 

THE DEGREE ARE NOT COPRIME 

Let M(n,d) be the moduli space of semistable vector bundles of rank n and degree d over an algebraic curve 
X of genus g. A vector bundle E is semistable (respectively properly stable) if for every proper subbundle F of 
E it is satisfied that n(F) ^ n(E) (resp. n(F) < p{E)) where p(E) = deg(£')/rank(i?) is the slope of the vector 
bundle E. Let M? Jn, d) be the subset of M(n, d) consisting of properly stable vector bundles. It is well known 
that when the rank and the degree are coprime M.(n, d) = A4 s ^(n,d). In this paper we are interested in the case 
in which (n,d) / 1. Under this hypothesis we have that M.^(n,d) is an open subset of M{n, d), hence they have 
the same dimension. One also has that 

(40) dimX(n, d) = n 2 (g - 1) + 1. 

In this Section we obtain formulae for the Hodge-Poincare polynomial of (n, d) when (n, d) ^ 1. We first need 
to understand the corresponding stratification {£ 7 } 76 r for A4(n,d). 

There are several ways of representing M{n,d) as a geometric invariant theory quotient. Following [53] §3, we 
know that if E is a semistable bundle of rank n and degree d, satisfying that d > n(2g — 1), then 

(i) E is generated by its sections; 

(ii) H\X,E) = 0. 
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Using Riemann-Roch, property (ii) implies that 

(41) dha.H°(X,E) = d+n(l-g), 

where g is the genus of X . Let p = d + n(l — g). Then it follows that there is a holomorphic map h from X to the 
Grassmannian Gi(n,p) of n-dimensional quotients of C p such that the pull-back h*T of the tautological bundle T 
on Gr(n,p) is isomorphic to E. 

5.1. Let us define H(n,d) to be the subset of Hol^X, Gr(n,p)) := {holomorphic maps from X to Gr(n,p)} 
consisting of those holomorphic maps h such that Eh = h*T has degree d and the map of sections C p — > H°(X, Eh) 
induced from the quotient bundle map C p x X — > Eh is an isomorphism. Tensoring by a line bundle of degree I 
gives an isomorphism of A4(n, d) with A4(n, d + nl) for any I G Z. Then, we may assume d » in which case 
TZ(n,d) is a non-singular quasi-projective variety. Moreover, if d > n(2g — 1) there is a quotient £ of the trivial 
bundle of rank p over lZ(n, d) x X with the following properties 

(a) £ has the local universal property for families of bundles over X of rank n and degree d satisfying (i) and 
(ii). 

(b) If h G TZ(n,d) then the restriction of £ to {h} x X is the pull-back Eh of the tautological bundle T on 
Gr(n,p). 

(c) If h and g lie in 7?.(n, <i) then Eh and E s are isomorphic as bundles over X if and only if h and g lie in the 
same orbit of the natural action of GL(p) on TZ(n, d). 

(d) If h G TZ(n,d) then the stabilizer of h in GL(p) is isomorphic to the group Aut(E/j) of complex analytic 
automorphisms of Eh- 

Moreover, if N is any large enough integer then lZ(n, d) can be embedded as a quasi-projective subvariety of the 
product Gr(n,p) N . This embedding gives us a linearisation of the action of SL(p) on lZ(n, d). If N and d are large 
enough then the following condition is satified 

(e) The point h G lZ(n,d) is semistable in the sense of GIT theory for the linear action of SL(p) on lZ(n,d) 
if and only if Eh is a semistable bundle. If h and g lie in 1Z(n, d) ss then they represent the same point of 
lZ(n, d)//SL(p) if and only if gradE/j = gradE s , where gradE/j is the canonical graded object associated to 
every Jordan-Holder filtration of Eh- 

From these properties one obtains that there is a natural identification of the moduli space of semistable vector 
bundles, M(n,d), and the GIT quotient lZ(n, d)//SL{p) (see [24] for details). Note that lZ(n,d) is only a quasi- 
projective variety, this would not affect the desingularization process since the closure lZ(n, d) of lZ(n, d) embedded 
in Gi(n,p) N contains no more semistable points than lZ(n, d) does (see [16], just before Section 3, for more details). 

Once we have described A4(n,d) as a GIT quotient, in order to find the strata S 7 for 7 G T, we need to 
understand how to blow up M(n, d) to obtain a variety Ai(n, d) such that the properly stable points are the same 
as the semistable ones with respect to the action of SL(p) properly linearised. We need to blow up A4(n,d) along 
a sequence of subvarieties of the form Zr//(N/R) determined by a conjugacy class R of non-trivial connected 
subgroups of stabilizers of semistable points. Or what is the same, blow up lZ(n, d) ss along varieties SL(p)Zf^ 
where :— {h G 7Z(n,d) ss such that Eh is fixed by R} ^ in decreasing order of dimi? (see Subsection I3.2|) . 
Since the central one parameter subgroup C* of GL(p) acts trivially on 1Z(n,d), finding stabilizers in GL(p) is 
essentially equivalent to finding stabilisers in SL(p). From Paragraph s. II (d) we know how to find such a subgroup 
R of GL(p), this is always the connected component of the automorphism group Aut-E of a semistable vector bundle 
E. 

Let £ be a semistable bundle. Let gradi? = m\E\ © ... © m s E s be the graded object associated to each of its 
Jordan-Holder nitrations, then the Ei are all properly stable bundles satisfying that fi(Ei) = /j.(E) for all i and 
Ei ¥ Ej for all i ^ j. One has that dim AutE ^ dim]^[ 1<i<s GL(rrii) with equality if and only if E = gradi?. If 
E = grad-E then 

(42) AutE = Yl GL{m,i). 

lsgi^s 

In order to construct the partial desingularisation of Ai{n, d), we need to find the semistable vector bundles E 
of rank n and degree d for which dim AutE is maximal. Assume that (n, d) = m ^ 1 where n = mn' and d = md! 
satisfying that (n 1 , d') = 1. The bundles whose dimension of automorphisms is maximal are those E of the form 

E = E' ffim 
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where E 1 is a properly stable vector bundle of rank n' and degree d! . Then, the hrst step in the construction of 
TZ(n, d) ss is to blow up Tl(n, d) ss along GL{p)Z s J L(m) := {h E K(n, d) ss such that E h ^ E'® m for E' E M s {0) (n', d')}, 
where (p! , d') is a moduli space of properly stable bundles of rank n' and degree d', andp = d+n(l—g) (see fU])) 
and m = n/n'. Let lZi(n,d) be the blow up and lZx(n,d) ss be the semistable stratum after that. From Paragraph 
EH (a), Kx(n,d)\Kx(n,dy s is isomorphic to (f>- 1 ((/)(GL(p)Z s G s L{m) )) where : K(n,d) ss -> K(n,d)/ /SL(p) is the 
quotient map. From Paragraph [5J] (e) we have that <j){GL{p)Z^ L ,,) — {E £ M(n,d) such that gradi? = _E'® m }, 
then 1Zi(n 7 d)\lZi(n, d) ss corresponds to the set {h 6 1Z(n,d) such that gradE 1 /,, = E'® m }. Then, the first stratum 
is 

£ G L M = GL(p)Z' GHm) = GL(p)Z s G f L{m) 

and U ( 3 € g 1 \ {o}<5^,i is going to be the set {h E TZ(n,d) such that gradE^ = E'® m }. The strata {£/3,i}/3eBi\{o} are 
given by 

£a,i = 5/3,i \P(M) 

where A/"i is the normal bundle corresponding to the first step in the blow up. Before analyzing the normal bundles 
let us explain how the blow up would work. 

5.2. Following the previous analysis, one gets that conjugacy classes of connected reductive subgroups of dimension 
less than or equal to n 2 in GL(p) which stabilize some point h E TZ{n 1 d) ss correspond to unordered sequences 
(mi, ni), ... , (m s , n s ) of pairs of positive integers satisfying the following conditions (see |16j §3 and [17) §5) 

(i) Ei<i< s m J n j = «; 

(ii) Ei<i< s m j < ™ 2 and ; 

(iii) n divides rijd for each j. 

A representative R of the conjugacy class corresponding to (mi, ni), (m s ,n s ) is given by the image of Hi< j< s GL(m,j) 
in GL{p) given by some fixed isomorphism of JIkjXs ® < ^ Pj w ith C p , where pj = dj + Tij(l — g) = rijp/n and 
dj = rijd/n. Moreover, if N is the normaliser of R in GL(p), then its connected component of the identity is given 

by 

(43) N Q a J] (GL(mj) x GL( Pj ))/C*, 

l<j<s 

where C* is the diagonal central one paremeter subgroup of GL{m,j) x GL(pj), and no(N) = N/N is the product 

(44) JJ S(#{i : = j and - k}) 

j>0,k>0 

where S(n) is the symmetric group of permutations of a set of n elements. 

Then, at the fc-stage of the blow up, there is a sequence (mi,ni), (m s ,n s ) satisfying (i), (ii) and (iii) above, 
and such that a representative Rk of the corresponding conjugacy class is given by 

R k = J] GL( mj ) 

embedded in GL{p) as before. The variety GL(p)Z^ k is identified with the set 

{h E TZ(n, d) ss : E h = m x E x © ... © m s E s } 

where Ej are semistable vector bundles of rank rij and degree dj = rijd/n. To obtain lZk+i(n,d) we need to blow 
up 7Zk{n,d) ss along the proper transform of the variety GL{p)Z^ of lZ(n,d) ss , then TZk+i (n, d)\1Zk+i(n, d) ss will 
be the set of those h E lZ(n, d) such that gradE 1 ;,, = grad(mii?i © ... © m s E s ). Moreover, bearing in mind that Z s Rk 
is the set of properly stable points of Zf> k with respect to the action of N^/Rk, where N k is the normaliser of R k 
in GL(p), the stratum = GL{p)Z s Rk is given by the set of h E TZ{n 1 d) ss such that 

(45) E h = mxEi © ... © m s E s 

where Ej are non-isomorphic properly stable vector bundles of rank rij and degree dj = rijd/n. 

In [T] §7 is explained how to compute the normal bundle Aff. at a point h of GL(p)Z R s k . Let GL(p)Z Rk be the 
proper transform of GL(p)Z R s k in lZk(n,d) ss . Then, the normal bundle to GL(p)Z Rk at a point h in lZk(n,d) 3S 
such that 

(46) E h = miEx «... © m s E a 
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where Ej are non- isomorphic properly stable vector bundles of rank rij and degree dj = n.jd/n, is identified with 
ff^End^-E/j), where End' ffi E/j = End-Eft, /End®£7 l . Here EndE/j is the vector bundle of holomorphic endomorphisms 
of Eh and End^E/j is the subbundle of EndE^ consisting of those endomorphisms that preserve the decomposition 
(|46p (see [16] for details). One has that 

End' ffl E ft S 0(m i m i - S{)Kom(Ei, Ej) 
where Sf is the Kronecker delta. Then 

s 

(47) H^End'^Eh) = C m * m ^ 5 " <E> H l (E* ® Ej). 

Since every morphism between two properly stable vector bundles of the same slope is either zero or an isomorphism, 
we have that 

dimH°(End' @ E h ) = ^ (m] - 1). 

l<j<s 

Then, using Riemann-Roch 

(48) dimif^End^) = (g - l)(n 2 - £ nf) + £ (to, 2 - 1), 

l<j<s l<j<s 

note that this dimension coincides with the codimension of Sfl fc = GL(p)Zf lk in lZ(n,d) ss , that is A(Rk) (sec (12810 . 
Regarding the weights of the representation of Rk on the normal (|4T)) . from [T7] §5 one has that these are of the 
form £ = 7/ — where 77 and 77' are weights of the standard representation of Rk on ffif =1 C mi . 

5.3. We have already seen that the highest stratum ScL(m) = ( ^^(p)^GL(m) corresponds to elements h £ 7^.(77, d) ss 
such that Eh = E'® m where E' £ A^^^n', c?'). Then, S GL(m) may be identified with the product H m TZ(n' , rf')(o)- 
We denote GL(m) by In the second step R2 = GL(m — 1) x C* and SGL(m-i)xC* = ^^(p)^GL(m-i)xC 
consists of points h £ 7?.(?t., d) ss such that Eh = E'®^ 11 ^ 1 ^ © E" where E' and E" are properly stable bundles of the 
same rank and degree but non-isomorphic. Then 

£ G L(m-l)xC* =II^ n '' d ')(0)\^l 

where Ai := {(hi, . . . , ft n ) £ lZ(n', d')(o) sucn tna ^ = ^ or some * j}- Hence, if we choose an index j < n 
we have that R 3 = GL(m - j) x (C*) j and 

=nw^')(o)\A, 

m 

where Aj := {(/ii, . . . , h n ) £ JJ m TZ(n', d') s ^ such that there exist indexes ii, ij with i a ^ for all a 7^ /3 
and such that /i^ = .. . = /ij. }. This description applies in general as follows. Let Rk be a representative of the 
conjugacy class corresponding to a sequence (mi,ni), (m s ,77 s ) as in Paragraph 15. 21 then 

R k = [] GL{m 3 ) 

properly embedded in GL(p). Assume also that 77^ ^ 77, for all i ^ j. Then, the stratum T,R k consists of elements 
h £ 1Z(n, d) ss such that 

E h = toiEi © ... © m s E s 

where Ej are non-isomorphic properly stable vector bundles of rank 77, and degree dj = rijd/n. Hence 

(49) X Rk ^n^( n i> d i)(o) x --- x Hnn s ,d s y {0) . 

mi m s 

Consider now an index j such that in the (k + _j)-step of the blow up, the representative Rk+j of the corresponding 
conjugacy class has dimension 

m\ + . . . + m s ^ dim Rk+j ^ toi + . . . + 777,,, 
there is no loss of generality in assuming that 

R k+ j ^ GL(mi - 31) x (C*)* x . . . x GL{m s - j.) x (C*y° 
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then T, Rk+j consists of elements h 6 lZ(n,d) ss such that 

31 ja 

E h S (m a - ji)^ 1 © ^ © ... © (m s - j s )£; s © £Z? 

»=1 i=l 

where all the bundles -E", -E" for all indexes r Q = 1, . . . , j a and a — 1, . . . , s are non- isomorphic properly stable 
bundles satisfying that rank(iiy ) = rankE" = n a and deg(E" a ) — degE a — n a d/n. Then 

(50) s n^'*)^ x • • • x n^( n " d -)(o)\( A ii u • • ■ u 

mi m s 

Here, A°^ := {(/ii, . . . , ft ra J 6 IIm Q ^( n ai ^a)(o) sucn that /i^ = . . . = for some partition {ii, . . . ,ij a } of 
{1, . . . , to q }} for a = 1, . . . , s. 

Now, in (dTJ we saw that GZ S R S JG = Z Rl //(N t /Ri). Then, one has that 

(51) Z Rl /G = GZ s R JG*Z Rl /(N l /R l ). 
Bearing in mind (|50[) we have that 

(52) Z Rk+ ./(N k+j /R k+j ) = X Rk+j /G S 

= (it ^("i - d i)(o) x • ■ ■ x II ^("^ d ^(o)\( A ) 1 u • ■ • u A ij) /^(JVfc+i), 

where A^ := {(Ei, . . . , E ma ) G n TOa ^( n a)^a)(o) sucri that E^ = . . . = E ija for some partition {ii, . . . ,ij a } of 
{1, . . . , to q }} for a = 1, ... , s. The quotient iro(N k +j) — N k +j / (N k +j)a acts by permuting the factors, here (N k+ j)o 
is the connected component of the identity of N k +j. Moreover 

(53) Z Rk+ ./((N k+j ) /R k+j ) Spfn^^oj x ... x J],M(n.,d.)? 0) \(A J \ U . . . U A?J. 

mi m s 

Hence, bearing in mind that (Aj i U ... U A| J is a disjoint union of non-singular varieties, from ((TJ) and Theorem 
12.81 the Hodge-Poincare polynomial of Zji k+ /((Nk+j)o/Rk+j) is given by 

s s 

(54) HP(Z Rk+ ./((N k+j ) /R k+j ))(u,v) = TJ [#P(.MK di)fa)(u, «)] m * - ^M^^X^) 

i=l i=l 

where Xi is the codimension of A], in FJ mi A^(ni, di)? ^ x . . . x J7 m .M(n s , rf s )( y 

5.4. Regarding the equivariant Hodge-Poincare polynomial of Y< R with respect to GL(p) for certain R, since 
GL(p)Z R = GL(p) Xpf Z R then Hq L ^(Yi R ) = H^(Z R ) which is an isomorphism of mixed Hodge structures, it is 
enough to compute the equivariant Hodge-Poincare polynomial of Z R with respect to N. From Lemma I4T51 Ht, ( Z S R ) 
is the invariant part of H^ Q (Z R ) under the action of the finite group 7To-/V = N/Nq, and 

H* No (Z R ) = H*(BR) © H* No/R {Z R ). 

Note that for a given R — Yii = i GL(rrii) that corresponds to a sequence of pairs (m s ,n s ) satisfying 

the properties of Paragraph [521 one nas that 

s 

No/R = Y[GL( Pl )/C* 

i=l 

where pi = di + (1 — g)fii — riin/p. Moreover, it is known that GL{pi) acts on TZ s , Q Arii,di) in such a way that C* 
acts trivially and SL(pi) acts freely, then one deduces that the action of Nq/R on Z S R is free. This implies that 

(55) H* Na/R (Z R )=H*(zy(N /R)). 

The Hodge-Poincare polynomials of BR and Z s R j (N /R) can be computed using identities © and [[54"j) respectively. 

For future computations we need to understand the equivariant cohomology group Hg(Z R ) for a subgroup S of 
AT such that No C RS. From the latter one gets that 

N /R S S /i? n 5 
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where Nq and So are the connected components of the identity of N and S respectively. Then H S (Z R ) is the invariant 
part of H s (Z R ) under the action of the finite group ttoS = S/Sq, induced by the natural map ttqS — > ttoN, and 

(56) H* So (Z R ) = H*(B(R n So)) ® H*(Z R /(N /R)), 
where Z S R /(N /R) is given by l|55]). 

Using Paragraph 14. 6[ let B(pi) be the set of /3-sequences for the representation pi of Ri on the corresponding 
normal bundle, and for each /3-sequence [3, let q(f3), d([3,l), z((3), and w(j3, Ri,GL(p)) be the positive integers 
defined in that paragraph. Then, we have the following theorem. 

Theorem 5.5. The equivariant Hodge-Poincare series oflZ s ^(n,d) with respect to GL{p) for (n,d) ^ 1 is given 
by 

T 

HP GL{p) (Kl 0) (n,d))(u,v) = HP GL ^(n s %n,d))(u,v)-Y^(uv) XiRl) HP Nl (Z Rl )(u,v)+ 

1=1 

T 

+ E E (-l) q ^ } (uv) d ^ l) (l - (uvyW+ l )w-\p,R h G) ■ HP Nl nst^(Z R J(u,v). 
i=i ojtgeSipi) 

Moreover, HP(Ai s ^(n,d))(u,v) = (1 - to) • HP G L^(Tl, s ^{n, d))(u, v) and H^ inStah/3 (Z Ri )(u,v) is the invariant 
part of 

( (g) H*(B(GL( mj )nSt8b0))) ®H*{Z R J{{N l ) /R l )) 

1<J<S 

under the action of the finite group ttq(Ni n Stab/3) = (Ni n Stab/3) / (Ni n Stab/3)o, induced by the natural map 
n (Ni n Stab/3) -» tt Ni, and Z s Ri /((Ni) /Ri) is given by [53\) . 

Proof. The identity comes directly from Theorem 14.71 The central one-parameter subgroup C* of GL(p) acts 
trivially on WLJn, d) and such that SL(p) acts freely, then 

H* G L( P )(K s { o)(*hd)) ~ H SL{p) (n s (0) (n,d))®H*(BC*) 

and 

(57) HP(M s {Q) (n,d))(u,v) = HP SL{p) (K s (0) (n,d))(u,v) = (1 - uv) ■ HP GL(p) (K s {0) (n,d))(u,v). 

For every /3 £ B{pi) one has that (jVj)o C i?;(iV; n Stab/3). Moreover, if i? ; = n|=i GL{m,j) then i? ; n Stab/3 = 
{GL(mj) (~l Stab/3). Then, from (|56[) we conclude that H ! NinStabp(^R l )( u ' v ) ^ s the invariant part of 

( ff*(B(G£(m i )nStab^)))«)lf*(^ ( /((iV i ) / J RO) 

l<i<s 

under the action of the finite group "Kq(Ni (~l Stab/3) = (/V; n Stab/3)/ (iV/ n Stab/3)o, induced by the natural map 
ttoO/V/ n Stab/3) -» 7r iV z , and Z S R J ({Ni) / Ri) is given by (53]). □ 

5.6. Regarding the equivariant Hodge-Poincare polynomial of 72.(n, ci) ss with respect to GL(p), this was computed 
by Earl and Kirwan in [5]. Every semistable vector bundle E of rank n and degree d has a strictly ascending 
canonical filtration 

= F CF 1 C ...CF P = E 
such that the quotients Qj — Ej/Ej-i are semistable and the slopes p{Qj) — deg(Qj)/rank(Qj) = d'Jn'j satisfy that 
p(Qj) > p(Qj+i) for every j. The P-tuple ~p = (p(Qi), . . . , p{Qp)) is called the type of E. Let /Z = (d/ n i . . . ,d/n) 
and 

<% = E n 'i d '] ~ n 'A + (9-1)- 

l<j<i<P 

Then, in Theorem 1 of [8] it is proved, among other results, that HPQL( p )(lZ(n, d) ss )(u, v) is given by the inductive 
formula 



HP GL{p} (TZ(n,d) ss )(u,v) = 

niLi(i + wV _i ) 9 (i + u'^v 1 ) 9 



(i-^")nr=t(i-^T ^; ^ 



J2(^) djr II HP GL{p) {n{n' v d' 3 r)M. 
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This formula is valid for both the cases in which (n,d) = 1 and (n, d) ^ 1. For future computations we need to 
know HPgl( p ) (7^(2, 0) ss )(u, v), this is given by (see [8] §3 equation (23), noting the misprint in this equation) 

(58) HP GL{p) (K(2,Q) ){u,v) = ^ . 

Moreover, HPql^^TZ^, d) ss )(u, v) does not change if we replace d by d + n ■ z for any z e Z (see [8] proof of 
Theorem 1). Then, |58|) gives also the equivariant Hodge-Poincare polynomial of TZ(2,d) ss with respect to GL(p) 
for d even. 

6. Explicit computations for rank 2 vector bundles with even degree 

In this section we compute explicitly HP(A4 s ^(2,d))(u,v) for d even. Using Poincare duality, from the Hodge- 
Poincare polynomial one may obtain the Hodge-Dcligne polynomial of M s ^(2,d) for d even. The latter was 
first computed in [21]. Assuming d » from Paragraph 15.11 we know that M(2,d) = lZ(2,d)//SL(p) where 
p = d + 2(l-g) and M B (0) (2,d) K s (Q) (2,d)/SL(p). Moreover, from (57|) 

(59) HP(M\ a) (2,d))(u,v) = HP SL(p) (n s {Q) (2,d))(u,v) = (1 - uv) • HP GL(p) (11^(2, d))(u, v). 

We need to understand the stratification {£ 7 } 7e r of 7Z ss (2,d) such that Eo = ^?o)(2jd)< To do that we blow 
up TZ ss (2,d) along the subvarieties GL(p)Z^ where R is a representative of the conjugacy class of all connected 
reductive subgroups of dimension dimi? and Z^ is the proper transform of := {h 6 lZ ss (2,d) such that h is 
fixed by R} in decreasing order of dimension of R. The blow up is done in two steps and the indexing set is 

T = U {i?!} x {£i\{0}} U {R 2 } u {R 2 } x {B 2 \{0}} U {0}, 

where i?i = Gi(2) and R 2 = T = GL(1) x Gi(l) which is the maximal torus T of GL(2). 

6.1. The highest stratum is = E G x,(2) — gz G l{2)- Since i?i = GL(2) has maximum dimension among those 
reductive subgroups of GL(p) with fixed points in 7l ss (2,d) then Z GL ^ = z gl{2) ( see Subsection 13. 2|) . The 
conjugacy class i?i = GL(2) is embedded in GL(p) using a fixed isomorphism C 2 <g> C 1_s+d / 2 = C p and letting 
GL(2) act on the first factor. The normaliser of GL(2) in GL(p) is 

N(GL(2)) = (GL(2) x Gi(l -5 + d/2))/C 

and note that its connected component, Nq(GL(2)) = N(GL(2)). 

Then, Z G S L ^ is the subvariety of lZ(2,d) ss consisting of all h E TZ(2,d) ss fixed by GL(2). Hence 

£CL(2) = GZ GL(2) = GL (p) Z GL(2) ~ GL (p) X JV(GL(2)) Z GL (2) 

is the subvariety of 11(2, d) ss of those h such that Eh = L © L for some L G Jac d ^ 2 . Bearing in mind the previous 
isomorphism one gets that 

( 60 ) H GL(p)( Yj GL(2)) = H GL(p)( GL (P) Z GL(2)) ~ H *N (GL(2))( Z GL(2)) ■ 

Moreover, from Lemma R~8l and (|53"|) one obtains 

( 61 ) H GL(p)(^GL(2)) - H*(BGL(2)) ® H* N ( G L(2))/GL(2)( Z GL(2)) ~ 

S H*{BGL{2)) <E> H*(Z S GL{2) /(N(GL(2))/GL(2))) S H*{BGL{2)) ® H*(3a,c d/2 ). 

These are isomorphisms of pure Hodge structures, so using ([5]) it induces the following identity of Hodge-Poincare 
polynomials 



(62) HP Gm (Z GL(2) )(u,v) = HP GL(p) (GL(p)Z GL{2) )(u,v) = 

= HP N[GL[2)) {Z Gm ){ U ,v) = HP(BGL(2))(u,v) ■ HP(3^ 2 )(u,v) = £±W±±^ . 

I 1 ill U J \ i. Lb U ) 

The codimension of £ GL ( 2 ) in 71(2, d) ss can be computed from (gSJ), this is 

(63) A(GL(2)) := codim£ GL(2) = 3g. 
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6.2. To obtain Y2peBi\{0}{ uv ) HPgl(p){^P>i){ u ' u )> we ^ rs ^ nee d to investigate the stratification {Sp^}^^ 
of the variety 7Zi(2, d) -i.e., the variety obtained as a result of the first blow up- since S/3,i = Sp.i \ E\ where E\ 
is the exceptional divisor. In order to understand the index set B\ from Paragraph 13.31 we need to look at the 
representation of SL(2) on the normal H 1 (End^E^) to GL(p)Z GL ^ at a point h £ 1Z(2, d) such that Eh = L © L 

with L £ Jac d / 2 . The normal H 1 (End' ts Eh) is equal to 

i? 1 (0)®Lie(S'£(2)) 

where Lie(S'L(2)) is the Lie algebra of SL(2). Now, SL(2) acts trivially on if 1 (0) and by conjugation on Lie(S'L(2)), 
so the weights of the representation are 2, and —2 each of them with multiplicity g. This implies that there is 
only one weight lying in the positive Weyl chamber, so there is only one unstable stratum to be removed in the 
blow up procedure. Let Sp^i be the unique unstable stratum. From Paragraph 13.21 (a) we have that S@ t i consists 
of elements h £ 11(2, d) such that gradi^ = L ® L with L £ Jac d/2 , then S^i = Sp,\ \ V(H 1 (End' (S E h )) consist of 
elements h £ 71(2, d) such that the vector bundle Eh is the middle term of a non-split extension 

0->L-+E h ^L-+0 

with L £ Jac d/2 . The index /3 is maximum with respect to the partial order in B±\{0}. From Lemma \4. 91 we have 
that 

HP GL{p) (Ep,i)(u,v) = HP N(GL(2))nStahl3 (Z GL{2) )(u,v) ■ (1 - M z(/3)+1 )- 

Here, z(/3) = g— 1 and Stab/3 is the stabiliser of /3 £ t+, where t is the Lie algebra of the maximal torus T of GL(2), 
under the adjoint action of GL(p). One has that Stab/3 = N Q (T) = (T x GL(p/2))/C*, hence 

iV(GL(2)) n Stab/3 = (Tx GL(p/2))/C*. 

From Theorem 15.51 one has that -ff]v(GL(2))nstab/3(^GL(2)) ^ s * ne invariant of 

ff*(BT) ® H%Z% L(2) /(No(GL(2))/GL(2)) 

under the action of ((T x GL(p/2))/C*)/((T x GL(p/2))/C*) =Id. Moreover, bearing in mind identity ((531) one 
has that Z GL{2) /(N (GL(2))/GL{2) = Jac d/2 , hence 

^W(GL(2))nStab/3(^GL(2)) - H* (BT) (g> ff*(JaC d/2 ) 

which is an isomorphism of pure Hodge structures, then 

(64) ffP Gi(p) (E ftl )(u,«) = (1 - (««)«) • HP(BT)(u,v) ■ HP((Z GL(2) /(N (GL(2))/GL(2))(u,v) = 

= (1 - (w) y ) • — -2 • (1 + U) y (l + Vf 



(1 — uu) 2 (1 — uv) 2 

Regarding the codimension of E/3,i in 1Z SS (2, d), in Remark 14.41 we saw that this coincides with the codimension of 



<S/3,i. The latter is given by (fT3|) . which in this case is 

(65) A(/3, 1) := codimE^i = codimS^i = 2g - AmiGL(2)/B = 2g - 1 
here -B is the Borel subgroup of GL(2) of upper triangular matrices. Hence, one obtains that 

(66) £ (u „)««. a p otM (E„)(«, ..) - ■ (i + "r (i+ ° )a . 

/36Bi\{0} 1 Wj 

6.3. In the second blow up we consider R 2 = T = GL(1) x GL(1) which is the maximal torus T of GL(2) consisting 
of all diagonal matrices, embedded in GL(p) using the above embedding of GL(2) in GL(p). Then 

N{T) = (N T x GL(p/2))/C* 

where N T is the normaliser of T in GL(2). Now 

(67) E T S GL(p)Z s T S GL(p) Zf, 

is the subvariety of 1Z ss (2,d) consisting of all /i such that Eh — Li ® L% where L\ L 2 and Li £ Jac d ^ 2 . Bearing 
in mind (|67p . the polynomial H P gl ^(Y,t)(u,v) is the same as HP N f T )(Z^)(u,v). The latter is computed in the 
following lemma. 
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Lemma 6.4. 

HP N(T) (Z s T ){u, v) = (1 - - "Vr^U + «) 29 (1 + v) 29 (l + uv)+ 

+ 1(1 - U 2 )9(l - W 2 )f(l - U ») - (H 9 (l + U) 9 (l + V) g ). 

Proof. By Lemma EH we know that H* N{T) (Z^) is the invariant part of H*(BT) <g> H*(Z^/(N (T)/T)) under 
the action of the finite group n Q (N(T)) = N(T)/N (T) = N T /T = Z/2. Moreover, by one has that 
Z%,/(N (T)/T) = Jac d/2 x Jac d/2 \ A where Jac d/2 is the Jacobian of degree d/2 and A is the diagonal of 
Jac d / 2 x Jac d / 2 . 

Then, the Hodge-Poincare polynomial HP N ^ T -)(Z^)(u,v) is given by 
(68) H P + (BT)(u,v)H P + (Jac d/2 x Jac d/2 \ A) (u, v) + HP~ (BT) (it, v)HP-{ Jac d/2 x Jac rf/2 \ A) (it, v) 

where the subscripts + and — refer to the corresponding eigenspaces of eigenvalues +1 and —1 for the action 
of Z/2 in both H*(BT) and H*(3ac d ^ 2 x Jac d ^ 2 \ A) respectively. Moreover, the Hodge-Poincare polynomial of 
Jac d/2 x Jac d/2 \ A is given by ([51]). The codimension of A = Jac d/2 in Jac d/2 x Jac d/2 is g, then 

HP(Jac d/2 x Jac d/2 \ A)(u,v) = HP(Jac d/2 x Jac d/2 ){u,v) - (uv) 9 HP(Jac d/2 )(u, v), 

hence 

HP+(Jac d/2 x Jac d/2 \ A)(u,v) = HP+{3ac d/2 x 3ac d/2 )(u,v) - (uv) 9 HP+(3ac d/2 ){u, v), 

and the same is satisfied for HP~ (Jac d/2 x Jac d/2 \ A)(u, v). We have that H*(BT) H* (BGL(1))® H* (BGL(l)) 
and H*(3ac d ^ 2 x Jac d ^ 2 ) = H*(Jac d ^ 2 ) <E) H*(3ac d ^ 2 ). These are isomorphisms of mixed Hodge structures, actually 
these are isomorphisms of pure Hodge structures. The action of the non-trivial element of Z/2 on 

H p - q {Jac d/2 x Jac d/2 ) S H p {3ac d/2 ) <g> H q {3ac d/2 ) S (Jac d/2 ) ® IP 2 ' 92 (Jac d / 2 ) 

Pl+P2=P, 91+92=9 

is given by o® 6 G # Pl ' 91 (Jac rf/2 ) <g) ff P2 ' 92 (Jac d/2 ) goes to (_1)(pi+9i)(P2+9»)& & ffl . Analogously for H*(BT). Note 
that Z/2 acts trivially on the diagonal. 
One has that 

HP + (Jac d/2 x 3ac d/2 )(u,v) = ^(-l) p+<? dim Sym(ff M (Jac d/2 x Jac d/2 ))u p w 9 

P,9 

where Sym denotes the symmetric part, and HP~(Jac d/2 x Jac d/2 )(u,v) = £ pg (-l) p+? dim Ant(if p,9 (Jac d/2 x 
Jac d ^ 2 ))M p w 9 where Ant denotes the antisymmetric part. The same is satisfied for BT. 

Now, when (pi,gi) ^ (p 2 ,9 2 ) one has that dim Sym(.H^(Jac d/2 x Jac d/2 )) = dim Ant(IP 5 ' g (Jac rf/2 x Jac d/2 )) = 
| dim(iJP'«(Jac d/2 x Jac d/2 )). When (px,q x ) = (p 2 , g 2 ) elements of the for a a for a £ i^ 1 * 91 (Jac d/2 ) also need to 
be consider. Then, when pi + qi is even these elements are symmetric, and when pi + qi is odd are antisymmetric. 
Hence, it is satisfied that 

dimSym(iJ 2pi < 29l (Jac d/2 x Jac d/2 )) - dim Ant(iJ 2pi < 2,?1 (Jac d/2 x Jac d/2 )) = (-l) p ^ dim H Pl ' qi (Jac d/2 ), 

and 



dimSym(i? 2p ^ 2<Zl (Jac d/2 x Jac d/2 )) + dim Ant(# 2? ^ 2<Zl (Jac d/2 x Jac d/2 )) = dimH 2pi ' 2qi (Jac d/2 x Jac d/2 ). 
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Then 

HP + {3ac d/2 x 3ac d/2 ){u,v) = ^(-l) p+9 dim Sym(/r p ' 9 (Jac d/2 X 3nc d/2 ))u p v q 



p.q 



{-l) Pl+qi+P2+q2 ^dim{H p ^ qi {3a,c d/2 ) ® H P2 > q2 (3&c d/2 ))u Pl+qi v P2+q2 + 

(Pl,9l)#(P2,«2) 
Pl+P2=P 

qi+q2=q 

\[{dimH Pl ' qi {3&c d/2 )fu Pl+qi v P2+q2 + (-l) pl+qi diuiH Pl - qi (3ac d/2 )u 2pi v 2qi ] = 



2 

2pi=p 
2qi=q 

= ^[HP(3a,c d/2 )(u,v)} 2 + ^HP(3ac d/2 )(-u 2 ,-v 2 ). 
Bearing in mind that Z/2 acts trivially on the diagonal, one gets that 

(69) HP+ ( Jac d/2 x Jac d/2 \ A) (it, v) = 

= ^[HP(3ac d/2 )(u,v)} 2 + ^HP(3a,c d/2 )(-u 2 ,-v 2 ) - {uv) 9 HP{3ac d/2 ){u,v) = 
= I(i + u f9(i + v fa + I(! _ u y(i _ v *y _ ( TO )9(i + u f(i + v y_ 

Analogously 

(70) HP- (3ac d/2 x Jac d/2 \ A)(u,«) = ^[i/F(Jac d/2 )(u, w)] 2 - iiLP(Jac d/2 )(-u 2 , -v 2 ) = 

= 1(1 + u fS(l + v f9 _ 1 (1 _ ,,2)9^ _ V 2 )S _ 

Repeating the previous argument for H*(BT) but taking into account that H p ' q (BT) ^ only when p = q, we 
obtain 

(71) HP+(BT)(u,v) = - — and HP-(BT)(u,v) = — 

(1 — uv)(l — u z v z ) (1 — uv){l — u z v z ) 

Finally, from ([68]), ([69]), (23) > and ([71]) we conclude. □ 
The codimension of in 72.(2, d) ss can be computed from (|48p. this is 

(72) A(T) := codimE T = 2. 9 - 2. 

6.5. Regarding ^ 0^ 2 \^y{uv) x ^ ^ H P GL ^{Y.fj,2){u, v) we have to look at the representation of T on the normal 
ir 1 (End' ffl .E) to GL(p)Z^ s at a point /i e ^ ss (2, d) such that E h = L x ® L 2 where Li ^ L 2 and Lj e Jac d/2 . Here 

H^End'^E) = H 1 (Kom(L u L2))®H 1 {Ilom(L 2 ,L 1 )), 

a diagonal matrix diag(ti, t 2 ) acts as multiplication by tiij on the first factor and by t%t^ on the second. Then the 
weights of the representation of TP\SL(2) are 2 and —2 each with multiplicity g — 1. This implies that again there is 
only one unstable stratum Sp % to be removed. Hence the index /3 of this stratum is maximum for the given partial 
order of B 2 . From Paragraph s. 21 fa) we know that this stratum is the proper transform of the set of all h £ 1Z(2, d) ss 
such that grades = L 1 ®L 2 where L t e Jac d/2 . Hence = S/3,2\P(i^(Hom(Li, L 2 ))©i? 1 (Hom(L 2 , £1))) consists 
of ft £ 7^(2, <i) ss such that -E^ is the middle term of a non-split extension 

-► Li -f E h -> L 2 -f 

with Li ^ L2 and 6 Jac d ^ 2 . Again, from Lemma l4~9l we have that 

HP GL(p) (J:^)(u,v) = HP N(T)nStahp (Z^)(u,v) ■ (1 - (uv) zil3)+1 ). 

Here, z(/3) = g - 2 and iV(T) n Stab/3 ~(Tx GL(p/2))/C*. From Theorem GOD one has that H* N{T)nStahfj {Z^) is 
the invariant of 

iT (BT) ® H*(Z s T /{Nv{T)/T)) 
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under the action of ((TxGL(p/2))/C*)/((TxGL(p/2))/C*) =Id. Moreover, by pj we have that Z^/(N {T)/T) 
Jac d/2 x Jac d/2 \ A where A is the diagonal in Jac d/2 x Jac d/2 . The Hodge-Poincare polynomial of Jac d/2 x Jac d/2 \ A 
is given by (|54p . Bearing in mind that the codimension of A in Jac d/2 x Jac d/2 is g, one obtains 

(73) HP GL{p) (^. 2 )(u,v) - (1 - (uvy- 1 ) ■ HP(BT)(u,v) ■ HP({Z S T /{N Q {T)/T)(u,v) = 

= (1 - (uv) 3 - l )((l + u) 29 {l + vf 9 - {uv) 9 {l + u) 9 {l + v) 9 ){l - to)- 2 . 

Regarding the codimension of i in 1Z SS (2, d), in Remark 14.41 we saw that this coincides with the codimension of 
5/3,1. The latter is given by (fT3"]) . which in this case is 

(74) \((3, 1) := codimE/3,2 = codimS^ =g-l- dimT/B = g - 1 
here B is a Borel subgroup of T. Hence, one obtains that 

(75) J2 (uv) x ^HP GL(p) (^, 2 )(u,v) = 
0eB 2 \{o} 

, 2q _ 2 , ((1 + Uf 9 {\ + Vf 9 - (UV) 9 (\ + U) 9 (l + V)9)) 

= ((H 9 - (H 9 )- T ^ '-. 

(i — uvy 

From the previous analysis we obtain the following Theorem. 
Theorem 6.6. The Hodge-Poincare polynomial of A41 ^(2, d) ford even is given by 

2(1 + u) 9 (l + v) g (l + u 2 v) 9 (l + uv 2 ) 9 - 



1 



HP(M h (2,d)) M = 2{i _ uvKi _ u2v2) 

- (uv) 9 - 1 ^ + uf 9 {\ + v) 2g (2 - {uv) 9 - 1 + (uv) 9+1 ) - (uv) 29 - 2 {l - u 2 ) 9 (l - v 2 ) 9 (l - uvf 



H(M S {0) (2, d))(u, v) = -— [2(1 + u) 9 (l + v) 9 (l + u 2 v) 9 (l + uv 2 ) 9 - 



Proof. From Proposition [OJ Lemma IQ and identities [[58]). ([62]). (|63]l. ([66]) . ([72]) . and d75j) we have that 
HP GL{p) (Kl 0) (2, d))(u, v) = ^— — [ 2(1 + M)9( i + v)9{ i + u 2 v)g{l + uv 2 )g _ 

- (uv) 9 - 1 ^ + u) 2g (\ + v) 2g (2 - (uv) 9 - 1 + (uv) g+1 ) - (uv) 29 - 2 (l - u 2 ) 9 {l - v 2 ) g {l - uv) 2 . 

Bearing in mind identity (|59p . we conclude. □ 

Remark 6.7. Since M s ^(2,d) is a smooth variety, from identities |T]) and (j4"0|) we have that the Hodge-Deligne 
polynomial of M s ^(2, d) is given by 

H{M s m {2,d))(u,v) = {uv) ig ' 3 ■ HP{M\ 0) {2, dj)^- 1 ,v~ 1 ), 

then 

1 

2(1 - uvj(i - u 2 v 2 ) 1 
- (1 + u) 29 {l + v) 29 {l + 2u 9+1 v 9+1 - u 2 v 2 ) - (1 - u 2 ) 9 {\ - v 2 ) 9 (l - uv) 2 ], 

this polynomial was obtained independently by Muhoz et al. (see [21], Theorem 5.2) using the relation of M. s ^(2, d) 
with certain moduli spaces of triples. 
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